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The first paper to describe chi-square was'published by Karl'Pesr-

,

on In 1900. As noted by Cochran\(1952), the chi-square paper was, and

Still is, 71o..e of the most important /publications
. -

modern statistics.

in the history of .

.

:"In 1949 Lewis' and Burke_ authored an article appearing in the

f .

Psychological Bulletin entitled, "The Use'and Misuse.of the Chi-Spare

Test. ". Their -stated aim was to counteract the improper use of this. .

statistic by psychologists. The paper addgessednine major, sourc s of

'orerror, .cited exaMples from the literature to Illustrate these p ints,

and caused a stir. among practicing researchers: Subsequently, the Lewis

and Burke paper, was followed by Severe). responses (Edwards, 1950;,

t4store, 1956; Peters, 7950) and a rejoinder by Lewis and Burke (1950).

Since then, a

chi-square procedure

soma of the problems

.

of that aiterature.

great deal of research has been conducted...on Tile

and several methods have been developed to handle

cited by Lewis 'and Bur'ke. This paper is a review

It is an 'attempt to address t6 problems listed by

.Lewis an d Burke in lightof current knowledge and toform recommenda-
.

,

tions 'regarding the use and misuse of the chi- 'square test:

Background

fh.a ySmpact writing style,-Karl Pearson use

ieriVe thJsdlitributlon tOeor'y for establishing
.4

canoe level for testing the chi-square statistic.

d a geometric proof to

the necessary iignifi-.

He concerned himself

and gavespeCifically with the problem of determining goodness-of-fit

efghtnilmerfcal illustrations ofthe use of this new criterion.' It is
. ,

. .

interesting to note ,that he did not show that the limiting distribution

. - ..

I
't ,
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if

of tie test statistic is
7C,2

. This fact was prOven su

mir, 1946. Pearson:, also prov Incorrect degree

- 2 -

testing the statistic.

Originally, the-value calculated

against tabled values 'such As those

of-Fit (Pearson, 1910.

number\of.rows andu

-
I

equently (c1 4..

f freedom .

for a test ati istic--waS compared

di .4in Elderton's Tables 'of doodness-

The table was entered- USi g n': r(e), where r.
.

number 'of Ott s. in ;the contingency table. ).ut

in 1915 Grenwood-emid Yule, published article on research into the
.1

.

et/feet of inoculation against typhoid and.'cholera In which.they nOted

.

that a.comparison of proportions should yield the same result as a chi-'

.

square test, but it did not Unable to explain t4is discrepancy, they

: /
8tateda preference for the more conservative chi-squared procedure?.

phis
.

same rn6onsistency was noted by
Nt

Bowre 1920).. The determination
.1.4g , .

.

gf of the correet degrees of freedom as, (r -1) (c -1) was shown by Fisher in

... .1.1.
two theoretical papers (1922, 1922 )°' 1gid confiethed by Yule (1922) and

. ,

Brownlee
,
(19211). using samplingelperments.

, .

.
..

As the use of ttle ch&-square prOcedurebigen,td grow,dits applica-

tions and limitations were explored. ,Illipe. first ot three associated
,,

. , .

papers, Fry (1938) presented and explainedthe derivition of "the.chi-
. , .. .4

square statistic. Subsequer to Wif, SerkSoes .(1938) paper pointed to

.the fact that as the sample' size increases, the test'statistrc,vwill
zp: ..

eventually reaoh a signfficani level: terkson alst flotsd.thatthis is
. .

.. ..- . A
an omnibus test of the ,hypothesis, of expel, proportions.

, 7
a

4
r

is ,one could,one coulnot locatf the sPepific 'source within. .a design that pro-
s A ,.

. . ....i..., " -. .

duced a significant result. These. two paperewee ie n:turn'folaOwed by a
,.., ..,

4 -- .

regarding Turther.'inte'rpretation;of chi-
.

, .

,

basically That

discussion by Camp (193.8)
.0

4 . t
, .

, s
, i...,:. .

. .
, , ... . . .

.1

..

.
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Many significant contributions to 14th the theory and applications

of this test statistic followed within the next 30 to.110 years. Cer
. 1. . 4 ,a ,

teinly the mdWimportant.contributors include- Karl Pe rson. himaelf,IJR.

A. Fisher, J. Heyman, and E. S. Pearson: A-brief his orical development

can be found in H 0. Lancasters book alcing"tlith an excellent bibliog.

raphy (1969).

i

The CbiSquare Statistic

f

Following the lead of.l.ewisandBurke, this paper...is written iiith
.

., , 4

1 the , social science researcher in mind. Consequently., the, Tathematicalt

f
3

/ 'derivations are more appropriately handled elsewhere (Cramer; 1946; Lan

/

I.

f
, . e

.

'following basics 'of the derivation,are presented .

.
,

I , . '
._ .

; fdllowing Fry (1938). To avoid confusion, the symbol X 2
%will be'used to

/
VI, f

1 , distidguish the calculated test statistic "from the tabled distribution' 4

a

'' represented by the Greek` symbol X2, against which the X2 valt;e4is coi.

.

pared in hypothesis testing.

Given a poOla ion of M independent events

comes, the joint probability pv,bc obtaining n:
I.

. ,

with s 'possible;

events i4 category

es.n2 events in category, 2, and so of up to n events in category *

given by the multinom4al distr.ibutio

. s

function /

1.

ni E r1L! I. ns!

"
where s is the number Of categories. or -wsible

eIpreesion the distributidw.function of chi.s uare

5

r 11,

:v

ti

outcomes. From this'

is derived. '
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I.

A

!
: Thiirexa.ot formu (1) is .very `difficult to compute. However ., a

.''reasonable approxima ion may be substitpted. :Ibis is accomp lished ,by

three ipproxim4Ion ip the formula. The 'first intplv.es replacing the
- ," ,

factorials by thet Stiriing IPproxiMatrons. Th&Apro.duce4 .: .
.." :

.., .
, . . , '.

Ir(ri):"
n Is , , m a rn...N. a. m 6 ns* .r/ 4*

4/1r# r1.11/Fli777T
H

ris ,(23

The sec d approlfmation.ls, equivalent to replacing ( I + jm

1 -

.

, .

by.ex. fOr 1 ?se In this case the result is

If

V

1 .

The

x3( "1"717 .X)3 (3)

.114,

d; aPPro);iniatiOn cpnsises of replacing .the . sum of the discrete
. -a .,

J

,

Prob tittles of each n. by an integrals:" The computational resuft isr. .

m
, 4+7 N. o

wel loo As k \

". e1
Iv)

wher,e ..H. .,is the observed, frequency in class I. and e i is the expected
. 4 ., : rt /.: . .

TriCitte.n0Y. 4in %elan i wbich,equals npi. .
1. . j Jr-

. . ,,
. -. ,

- Two items wl)ibii,en lier- into the discussioa.. concerning the' proper use
. ..,

). of cAeqUare shopick %.tg!.nbted At this point. First to employ the- , '

i .1.

undiilidng multinorttal .cfstribution . the assumption that the x i are d,..is
4- . .

. 4 ..
try bated -noralleliTVii. necessary,. This. means, that the expected valnes (e0

, ...,
. .. - .

., . . ,

mUst be suffrpteiitly kfkrge"enough' for the approxfbletion to be ade
-lt' --4f . %

.,
e .. .

,Second,' . ?equ3tt.toii .( 1) alsb requires that , each Of the

.
. .

4( 44

4.

I °. r

. t
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-probabilities in that exprestion be independent. impliesthat.the

terms 'Which are iumme d in.equatiOn(4) must be independent 'of each

91

.The Use and Misus bt"ChiSqUare

Lewis andand Burke.centii their .1949 article around nine. principal 7.%

sources. of e ror they found an their review of published research;

V

I

Those nine urces are

11 L ck of independence among single-events or measures

2) retuencies

Neglect, of frequencies of nonoccurrenceSI

5)

6)

7)

8)

.

s

,

41

Failure to eqUalize the sum of the observed freq;endies and the

sum of the theoreticalfrequencies

Indeterminant theoretical, frequencies

Incorrect: or questionable categorizing.

-Use
T
of nonfrequency (luta

Incorrect determination of the number

9) incorrect, -cpmputations

. ..
. 1

of degrees of freedom :

This paper will address` each of these issues and then consider iofte

aspects ofd the chisquare procedure,thet1LeOis and Burke :did not list
.

sources of error.' ,

Lack of Independence Among Single Events or Measures

In order for the limfting distribution of 2"%)o

-.4 0

spry that those events or measures from which- X2

t

independent.% this--is 30 because it, is the joint

independent events that is Oxen by the multinomial

7

..
;

. A
4- , .

be x2. it is neces .'

is :calculated be
f, .0

probability :of n

disti-ibutidnifunc,

' 4

,.
NI
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4

,Inonesigns involving single subject research,or repiated measures'

$. On several sub jects,this lecleof independence is obvious. But-often a

.
.lack of independence 'is not noticed., particularly when 'the final X 2

,
value is the result of the add Lion of several other X2s. A subtle yet

.
...

,.

telling example is cited ,by and Burke,eirlY'in tneir paper:

. . ..;- .
v .

..
.,In a hipothe tical experiment twe vedite were ,thrown le time and

A.

, the: number of "ones" appearing on ea h throw were recorded' The test, ,

. .

it ._,A.A

4 jA4A'C1
statistic was calculated by summing. e quantity

ei
for each of

-.,

the 14throws.\The problei pith this procedure is that the same twelve 4,
.

. dice were thrown each time. ''There is no independence betgeen 04 terms

w hich are summed. Therefore, statementrpertaining to any. population,.
4

other than'the 12 dice themselves, cannot be'meani4fully made. If one

wieheS
1

to gentralize,the results beyond these twelve dice,ithen a new
P

Sample must be drawn. In his response to Lewis.and Burke,.0eters (1950)

.
,

makes this point' and remarks,iftt.,a lick of generalizabilitisto a p6pu
f

. $ . ,

lation is probiably not too useful to most researchers. But Peters holds
,, i :

firm in stating that if one is concerned with these dide or subjects,

I,
. , .

then repeated measures are appropriate.
I g

i

Small Theoretical Freggencids
. * :0'''

4,!N+
.4 . 4 , A ,,.

!..
One of the most controverstaloaspects regarding, the Use of the

.

. .

chi.;squarel procedure is the estelAishment ofrminimum expecped value.
/ T.

\

That:is, 4. slue, below whidh th smallest expedLed frequency may not
! i

drop fort tkle application of the test to be appropriate.' This. is
.. I,

.

required.bytlje use. of the three approximations in the derivation: In

.1
48 A.,

es

r

1 .

4

MA.

.1

5,



I°
7-

order .for acalculated X2 to approximate 1(2 It is necessary for -the sem-
.,

pie 10 'be of sufficApt size to ;lake tilose approximations- reasonable. o.

.

This is `reflected by the expected value In each cell.

Le;ris,and Burke called the use of expected frequencies which are

tpo small the 'most common. weakness in the use of chi-square (p. $60).

In their paper:they took the position that'expected values of five were

,

probably too low. They stated a,preferencefor a minimum, expected value-
.

of le with five as the absolute lowest limit: Lewis and Burke subse-

quentlycited two publishedStudles each employing lfai-square test
er .4
expected values below 10 as examples. /t appears today that their

position, a popular-pine among researcheAtt may be overly conservative.
1

This problem has been examined 'from two .different pii.specti4es.

- One may consider this issue in relation to the ose of chi- square for

testinggoodness-off -fit. In this approach, as'the categories are chosen

. abitarily, the-researcher has .cipnt-rol. 'over the siie of the expected,
. . 1

value by choice of the category size. In contrast,'the.caiegories of
0

contingency tabl;s are relatively liiited anrone_is-forep tb increase

the expected values

rows and/or columns

by increasing the'sampie(s))4Ze and/or

. HcFwever, it is often dinecult,,ifnot

to collect more data to
tioN

in effect throwing away
.

'in, an' area; the extremes

Research taken from the
1

sideeed first.

Recommendations

§
expected frequencies

increase 11.

informitidn.

, fir

.c llapsing

mpossible,

Collapsing columnsond/Or rows is
1

'Additionally, the informattoo is

, where differences are most fikely to occur.

perspective of this. later'case will be bop--

vary a

greater

f

great' -deal.

than 20.

.

Kendall .(1952) prefered .

Cramer

9

(1946) has recommended

1

s

r
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:1* f

values be greater. than 10, Fishe '1938)- preferred a lowest. value of

, ,

five..: Jeffreys (1961), Slakter (1965)';, and Kempthorne (1966) set one as

,
.

.
.

.

the minimal expected frequency allowable. Wise* (1963) -has talon the
. ..

.
..

,'stance that the expected cell. frequencies could be quite small if' they

t / 0
O .

are nearly equalto each .other. In fact, Wise' recommended small 'but
.

. .
. .

. .

equal expected frequencies, over the case where a few expected values are
.

/

, .

i
?

_small and the remaining frequences are we? above most criteria.
'

I
4. In a 1952 article Cochran suggested that instead of a single value,

appropriatethe application" of chisquare May be deeMed p if'no more than

. 20% of the cells hive expected values between one and 'fiver' Good,'
.

Grover, and Mitchell (1970) concluded that in the case where each of the

s categories 'has a probability of 1/s, an equiprobablejlistribytiori, the

ItiprOxidation of thetebt'statistic to the chisquare distripution is

. .

adequate even 4hen the expected values are as low as 1/3 (p. 275). This
.

app arent robust nature of.the procedure is-also supported by Lewontin

an Felsenstein (1965). They used Monte Carlometho0 to examine

tables with fixed

cell the authors

When, tie expected

coneluded,that'the test tends

.

the degrees of freedom, equal, or exceed, five.

values are small in each

to be conservative when

Lewontin and Felsen4ein

found. that even the occurrences of expected values below one generally

do not invalidate the procedure.

The.exagiination of this Oroblem from

of the
.

use crAchisquare in the'case of testing goodnessoffit.has pro-
4

duced some interesting. results..:- Kendall and Stuart. (1952) following

. .

the more flexible perspective.

suggestions by Minn and Walt (1942) and-Gumbel. (1943) reeommehded that

one choose categories so that eath,h'ai an :expected frequency equal' to

4

s.

4 1 6 I.

A

4

ago'
:
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1

9

. ,
the reciprocal of'the umber of categories, They prefer a minimum value

A

of ave. In 1908, SLakter presented the results of a Monte Carlo study

_concerning .the actureci'of an approximation of power fox the chisquare,

goodnessoffit test with small but equal expected frequencies, He used

.

various combinatilns of sample Size,' number of categories. and Type I'
. .

error ptotailility levels. The results confirmed his earlier work (1965, .
. 4

. ;-
1966) ,and ttrefork of Good (1961) and Wise (1963) which indicated that

.

the nwirial alpha level does not deviate.substantially when the expected,

values are small but_equal. .

. ,

In ah article based on, his dissertation, Yarriold (1970)'numerically
,

examined the accuracy of approximation of the chisquare -goodness of'

. -
.

'fit. He proposed that, "Ifthe number of classes, s, is three or morel'

k
,and if r:denot;s the Lumber' of expectations .less than five,, then the

minimum expectation may be as small a5r/s" (p. 865), -The remainder of
.

..,. .

hiA paper deals with a new approximation technique used ,to stddy the
, lo".

l

proposed, rule. /n conclusion, she stated that, "One of the main conclu

sions

. 4

sifts Of this article is tilf-the upper one 'and five peroentage'Points

1 11

of the X2 a can be used with- much smaller expectations than
.1. I

previously considered possible" (p. 882).

6
After considering earlier work, " Roscoe and Byars 51971) recommended

that for the\examination of goodness of fit with'more that One degre0of,:

I

. freedom,. one should be,concernea with the "average7 ex'pected.value. 41.
. ,

.
. %

the uniform case, that is.e.qual expected dell, frequencies. they suggest
. .. .,.. N

an average value of two or 'more for an alpha'eqpal to .05 and
.

four or
, , .t;

. 4
. ,, .

more'lor an alpha ;equal to .01, '<They exhort the use of thi average

expbcted value ruje

421

.

inthe test for independence as well, ,even; when the

/
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4.

,
--10

tit
as

, .sample sizes are not equal.
v.

.

. . , .

' The advantages of several goodneSsoffit.teits for discrete dat0
. .

.

t

were revigged Horn (1977)/ Ieso doing'she
4
polpted out that Roscoe

.

6
_41piyars rule is-la agreement with.Slikter's (1965, 1966) suggestion

. . 4

that whit may be most important is the average of the expected frequen

Shi alio noted that this substiles Cochran'.s rule that-201.-of the
P

. .
.

-ts *

expeqted.frIflueneies should be Treater th an one."

. a A : 4

%
:.*

There' is a furtleef point
.

whieh stkuld be mentioned. As Horn poi is
. .

s

.

--,

oyt, the -chtiquare goodnessofVt test is an approximation in two
0

, ..
.

ways. It approximates the exact multimial goofiness o'' fit test and
1

its distribution is an apprOxi?ation tote theoritival chlsquare.dis
c.

4

tribution". e studies cited -above are e ncerned with the 'second form

of approximation:

approxiiatia in

.test b %cause the

e .

Tate and .141yer

the' first form.

X2 distribution

0

(1973)'have explored the accuracy of,

They stated" that "To justify the X2':

tills oft similarWto.the

call chisquare distributton is io'assume that chisquare is itseit

, 'accurate approximation to the multinomial" (p. 837). . O

an

Tateand Hyer (1969) 'generated 162 various mult&nomial distribu

/.

tif4ns and compared then to,chissnare values. Their 1973 paper examined
a4 w

their data more closely... They concluded that
,
the chisquarte procedure

,

;

produces false results fgr a given alpha.when,expected telmes drop ow

10. They mqted that the dedee of, accuracy required will from
ei

,

situation to situation: When close apptoximation to the exact multlno
. ,

mial is needed, chisquare should only be used when .thS'expeeted fre
.

quencies are abbve 20 or so.

40-

4

a

.
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,Most 'recently, Ovcratl examined , the effect of- low
A

..,
tp expected frequencie in one row or column of a; 2 x2 designzt on the power

. . .
. .- of the chi-square statistic. This most often results from the analysis

6-'f infrequently, occurring events. Setting 1 - 8 = ..70, as a minimally
.- V

.
. kt . .

.
. i

acceptable level, Overall concluded that when expected values are qUite
. ..,

low,' thepower of the ctii7square test drops to a level tea t produces a

statiStic which, in his view, is almost useless. Further .considerations

'-regandint-the power'' of, chi-square may ,be tolandin Cramer (1946) , Bennett 1
and, Hsu -(1960), .HarkAss and Kati (19611)1 Chapman and Meng (1966), and

,,
boffitt and Rand-les (197n.

r. .

.. , .As' fa general rule it seems that the 0i-square statisticmay be
. .. -

I , "- -
in

. : .

properly 'used in Masai wheie the' expected velyes are much lower then
, . . A . '

ik-

.

preyiously- considered permissible, although this is not alwi: true as
, -0

Tate and 'fryer -tned "Oierall haite-shoinl. The practitioner must take into

consideration the ;level oT precision 'required by his work: The closer
. .

: .,. . .

one desires do be to -the xiat probabilities of the inititinornial, the'
. ,

. -*A,
- ..

.

latter the sample sizes'andrpected .values must be . F or mo st appLica-
. - ..

* . 4. s
tioris,' Cochranha rule which states. that ail expected 'values be greater. .. ,

. .

V than one ,, "a;x1-"not: more tpan 201: be lest than aye ,' otters a fair balance .
... . . 1,. ,... , .

, .
between-practidility and- precision._ Ttii more exploratory thi research,'"

. , , . . ., ,. . " - 1 ,... 'relaxthe more one may relax -this rule. It 11445 searta appropriate to relax
. . .. . I, ". ..,, ... . .. . . .

thik rule if the*xpeoted valuei, though *Deli; are roUgHly,eCtuall
. .

. t
; ,

. ,. .r " , -.- *F.
1

4 4

li*glect.of 'Frequencies of Non-Occurrattce and Failure' to EqUalize the Sum
. ,.

.4 . . .1 :
"*-f Observed and Expected Valiteh P .. .

,

, . . . .
1: .., -' . . s

f : ,1,. .
.

,12 -In his reply to Lewis and 'Burke, Petera*. (1959) took exception to
. ,. ,

. A 1.i g

,the., propriety,. _of claiming that these aspects are sources of entor. . .
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Peters stat,:si that one's research questions a etertnipe4 whether the fre--,., 4 1,,.4

1
. 1

I guenciesof non-AurrenCe.should be ihcludeci'in the calculations. He ,4

. 4 . t'''
Sr . 41 0

A
. . .

; k
. .

further stated that it is thi-coputationalformula
e°'. . ,, \ ..... ... ..

, . ...1
.= r

*

!(

r

I

X, I qr. et:
,4 la I.

'T`.
. ,

which requires hat the sum.. of observed
f

.

\-

:

and expected frequencies be ?'
: .

. .64

equa; but' not'',the.:gfnerdlized deanition Qhicti includes "the true popu:
.

. .. , . sis,
4 .1 lation triearCand variance,. t:,,,;, ,

.. . ,
: . 4.

%

s1

In Aheir r$Joinder, 1.41i3 and Burke (195.0) 'show tiohy they were
g

.7

'
listinidiot:ti.of.tiese points as\errors.. The basis is a proof'

flrunderlyIng thecigem 0own by Pramer ,-i,191(6) and its .. .

. . .

i

generalization: Given `:the esumption Ovat the freqUencies foe, all' possi-, 0'
., . . ,. .

. .4 We', 644plies are used.. and that the Sum. of the obser4ed Trequeucies
. , N i

o ,,
0, - k -equals thesum of the theoretical, Cramer. t proof hold-for,equation, (O.

. i. .. .
I .* I.. . v. Ob e

..,

lb e r afore , in ala apRlicatitii of this formula, 'the sit of the
. '

. pbaerved fre_qufncies mush eqUal the. sum of .the expected'. In' addition',
- ,...., .

frequen cied fdr all othe possiple outcomed must be included in the..
s ... . -- .- calculation. 1 That is,. in a teat of the homogeneity

.
-of several groups-

.
i

S bised on 'the number within -each group 'having a certain property* the. .. . ,. .

cal,eulatiori of chi7equare must include the frequencies of thote satople
' , .

"members, within each group, who* do not have: that propdrty. .....
deb:''

A 'recent' exaiple of this was 6ited by -Slaughter' and" Narascuilo '.
0 .

, ,
, ,

(Note. 2). In 1979 Sdheuneman presented a method for assessing as in '',,,, , . .- .. . , .. . . ,
test items 'using a modified,,chi-square procedUre. 'Basically; -th pH:)-

.. ..
, ,

,.

tedure 'involves dividing the number of correct resPonses- to an Stem. .by-
I

11"4 .
I. I. Og. rd,

.
re . : . : .

4.`.

tv

;

:1
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group, into several categories based on total raw icOre. A chi-square
. .. .

is then calculated to test that the proportions pissing an item, within *4.

the ability categoridt, are the same for each group. Anetem is defined.- "1.

as biased if the-chi-square value is signiffcant.
t

Slaughter and ,Mirascuilo_point out, for

mate the chi-aquate distribution, its calcul

quency,in each group that failed, the item.

to,this whibn she'states,

I

tht.statistic to approxi-

ation must include theth.---

Soheuneman makds-eefire ce

e

"It should be noted,.however,,that because the modified pro-
. . -

cedure does not include incorrect responses, the bbtained dis-

tributiontribution of chi-square values may not always apprinimate the

'chi-square distributioh, particularly if the sample sizes for
-

f

frequencies are very large" (p.,147).

the groups being compared are quite diferent4) , or the cell
1 .

But she d oes not nee Why she does not use the more exact

procedure.

Slaughter a4,Marascutlo demonstrate the proper .;130

40.

.procedure and itidica that a substantial nuMber of t4411, elos

jodged as fair, .6y her definition, are ,40 fact biased. Given that
.

this method of assessing' item biai is itself sorewhat rough,: there

.

is no justification for weakening it even further by excluding

-.I -incorrect responses as Scheuneman proposes.

IN

Ihdeterminant Theoretical
.

Frequencies

J
. . ,

4Ii.iA
possible that'the theoretical frequencies, bheexilected

v.,.
.. .

. .

values against Which each observed value is-compar d, may not be
. ..

.

the

*

.1

r
i

I.

tfc
I .

,

0

'

1.

j
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calculable. Lewis-J

,

'4

e

and Bliice' have illustrated 'sucb ,a case in' a

hypothetical ittin..guesstniCexperiment in_wilich'subjects recorded
. .

t .

their guesses

tour tosses.'

a

as14 whether a head or tail would appear on each of

The bumber ofteorred t-gueises,)Fanging from zero to

four were 0Cmkeell,to tht eXpectelufrequenci'es, generated ju the.
*It .4..

binomial distribUtion.

stibject'could.lpt:17e

function. 'Since the four guesses of eicb

Considered independent of one another, the
.

. .

theoretical distribution is clearly not binomial. In-this,case the
. . .

-.

most one could do Would-be,to test the Obralned distribution values
%

4

,r b . , .
, .

againitNalues given by some otherl'research using'the same-experi-
. . ..

mental design .

As can be seen, th4 iirdb/em of indeterminant4 theoretical fre-
.

quencies arises- in the test fa. .goodness

choice is arbritraq. In. their par
P , .

*

,lawfa.and Burke 000'1 guideline for deciding if
1f

frequencies are pidee&01culabli They state,

.."It is !usually true that theoretioal frequencies are

1441CUlble it thsobserved frequencies are in any way

:'''

-fit.'where category

on this subject,

4

the theoretical

. .1

..- .,

',related, and alsO if mutually contradictory pssumptioni
.

. . .. .

can be made, Wittrabatt4equal'justification, conberning-,

. . .

-the likelihood of ooeurrende
.

or non-occurrence the events
. 0

0 .
.

Cresonse1 that yiSlded the observed frequencies"

(p,4-83)..

.
4 .4. ..
'Incorrect or-Questionable .--,---- -----.

. :

. 4 . 4 . d #.4 . f
4 In. .

(larding upon.the categorlei'to be used, care must be taRPn

4.

ititheir selection.... espadnilly Wien the choice is arbitary. The

. , 0
. ..

t
, . \

.
, .

(.
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ialUa orthe Xesi siatistiq will a Unbuly inflated if one or more
t .

. :a timtitOgi:7..

r.

.

:olf.the cateionies contains a, substantial ntenbereof Obervations in N
. ,

A' .a 4,
4/1

onlyOne.cell of that category. Lewis and Burke provide

.

*-., . , , . .
lent example of um..

a
(

.
, .

4 Tr) a study comparing the drawings.of normal and abnormal sub-
,

,

jects, one of the'categorfeb, for classifying the drawings was

1

an' excel-

.

labeled, "fantastic,compositions".. As One woull expect, all 26 of
:

the dra/ings 'placed.i n clasi were drawn by abnormal subjects.

The individual X2 value for this group (26 O) accounted for 25$ of

the total 12 (99.6) even, though only 5% of the total frequencies

fell into this category`. Lewis and Burke offer two general rules
a

to follow -which should, hklp in dealing with this ,prOblem: 1)

dir . .

categories.fon frequency data, should be established; whenever pol-
.

.t

sible, onthe

oration on he

This becOme.s

more andipore

Asis of completely external criteria, and }2}

reliability of the categories should -be offire4.
.

ivery imptrtant as the onoiceThst categories becomes

arbritary. A:carefui

design, stielLai ih one mentioned

ble t

.
t.

. Use of" a:D.-Frequency: Data

c.

I.

, logical .ramination of study

above; may not always be possi-
;

A siMpaq exagple will show 'that the formula,

can only be.apOlied4o frequency datal Given an observed frequency

. .

expected friquency. df 'two we have for the single
. .

pf four: and- Ian

.
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Let us assunie that the four and two are meastres- on some. scale
.

..
-

.. suchf 4 pounds , inches, or even a ratio such as error's per minute. .1'

.
If one were to Sange the scale o.fneasurement Al converting poundt '.

to ounces, inches to_ feet, or errors per minute. to errors pert 90 Iv' )1

. .

Nue seconds, the vatue.of fill terms calculated would change -by the same

.- ..,

.0
a

2

04

A..

fay tor. Thus, ! for example, to 'double the. number, of units in the

.
scale of measurement would .change the observed value of this

1'

, . 1, ,..
hypdthetical example from., four to eight,. ttte expected value from

. -
_.

,.two to four and the resulting single term would equal

(2(-)1. ity):
e. "si

a

i

lir

,

The chi-square value would be doubled scrley by this change in

*. ... , t .
p ..

metric. , r
" 6

0,

0 ,..
.

. 4 -
It must be made clear that

14 .

thiA
0

As not to say that either the

chfrsquare statistic or theefunction..it its limiting distribution

''' .
are derived from, or refer only to. frequencies. , However, the com-.. .

O w

.4.

putArig formula (ZI) can only properly be .ap plied to frequencies. of

, independent observations. ,

6 .
. -.

Incorrect DeterminetIon of the Number hf Degrees of Freedom.
fr.

0

. I.

One way to interpret the number of degrees

l 1

f treelim associ-

, ...

18..

C te
.6.

/
..,

I.
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aced with a contingency table is to note-that^ it represents the

um .of independent pieces of information contained in Ithesample

about the truth of an hypothesis, under test. That is, if:we'hive a
/

.set of N numbers which may 'take on any' values with the restriction

that they add to.a given value, then WO of them are free to ary.

The one remaining value is detei-mined as'it must be that single

value which, when added to the sum of the N-1 numbers, eats the

value given by the restriction. Thins, N data points with a single

restriction havN-1 degrees 4r freedom. Every restriction imposed

decreases the available information contained in the data.

For a contingency.table with! rows and c columns, the degrees

4
of fredom equal (r-1)(c-1).6 This holds regardless of whether one

is telyng two variables measured on. a single group for 'indepen-
,

dence, or whether one has .0 group; which are being tested for homo.-

geneity acrois Brows or categories. But this is true for dif-

ferent reasons. MaraScuilo'and McSweeny (1977) prdtent adiscus-

lr on of this AnV the'follOwingtis taken froptheir'presentation.446-
. .

. In the test.of homogeniety, oa. has an r x c contingenCy table'

.whdre the .number of columns, c,prresponds to the number,,y

fndependint samples. Ag the expected frequencies of the r,

categqktes for sample c must add to n.c., there are (r-1) dlArees.

,
of freedom in that one samp4. For the c samples, there exist

\s'b(r61) degrees'of freedom. In addition, the r prpPortfbfis are'urk:

mown and must be estimated.. As they must sum to unity, (r -1) of
t

them are _free to vary. The degrees of ffeedom for the entire

table, therefore, equal c(r-1)-(r-1)
. t,

.

J
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In iii**.test for independence,
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3 .4
191041)0..111C frequenctes must

. , 6, I;
degreeS.45,f -freedn the case

,

orc4bilitles must add to one.

'only a single sample size. Is

sum to .this value ;pairing (r1)

of two variables, the Mid. of their
, \ .

For r levels of one variable, (r-1)

are! free Ito vary. For c levels of the second variable, (c-1.) need. ,

to be' estimatt!. The entire table thus hat
.

I
A

I. degrees of freedom = (rc-1);(r-1)-(c-1)
7 I

Incorrect Compilations
14

.',.,..:
Mechanical` errors4eside., any of the aforesaid errors would

.. -/.

= (r-i)(c -1)

IA

1

/

k

;

lead, in effect, to an incorredly computed test statistic,. Lewis
. .

I

and Burke noted one- computational,error in particular ,thut is easy
- 4 4

lb- make ,and shOup ;e:4:guarded 'against. This error involves the
4

I
refill..Ie.:ton/eight by n when prbportions ace used instead of 'fee-, i ..., le- P. -

quebcies., * .
ff/ . a I

A

A '...:.: ..' :1'
As. ippittoile?J pi.:e.viou;19.,;),-"chi-squane value calc4ilated on

. 6 .,s,,, * - ,,.. s ._4, .
.

. V

tiA-f.i.tigenay'data can be -altered" by
; *., -

a
.
ohinge. 'in` Aca-'e. given khe.0 '" .

4.t ,
eptIreet,ers will 'increase.UV,sathe \data a change, ft,,,oei-- metiers t c

. , , . , . .

value *-of, et-ht-ogler:4 1-.3 i -facp;r (of,--

X. ....: Is i t.e*

...
100: As ,a pro:Or:Lion is. pie,'

.., -7 '-.:,. % ..
. ratio or oEsekved..frequentr .t,o_. total , a -chi-gqiiare calculated oh
. - ,.. .. " 0 01' ...2

= proportions wall be -altered Er§ changing the 'scale. A change .of
. .

I

7 .6. ' 4. ' . .

;. .

errors per minute to errors per '120 seconds will double the value
.

. ,
of chi- square.' .

Most proportions encountered will be of the

. . s y.

p ,. 4

2a-t.,

form.

;

/ \

*

.

t

I.

.

0 , .

.
P

Jew
.1 .,

.
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where prc is the frequency in the cell defined by .P.414*.and column

c and where n,c is the total frequency for.colmmA,c1: To convert a
. . . ,. '..r- e nr08

, proportion to a, frequent), merely requires th#t the proportion ---
b

be weighted by n.c. While cont ingency tables.tontaining propor

tions are oftenre interpretable, ,a chi,srare.must be calculated
. ,

.

using thefrequencies from which the proportions.were determined.

,

A dditional Issues

Further research regarding the properties of chisquare have

been conducted since .the publicatior; of ,the Lewis and Burke paper.

Methods have been developed to strengthen the chisquare test.

AlSo closer ekamfrnation of its properties, such as the use of a
.

- corredtion for coiltinuity,.have been conducted. Perhaps, one of the
0- .

best'oapers.on this `.subject wps written' by Cochran '(1954). He

presented medhods for dealing with, some specific contingency table

deligns and probability distrl,putions. In addition to the'previ
.

_

ousl y mentioned recomminda441 s.regardins minimum expectV4 1#IFes,

he disdussed testilng goodnesoffit in different distributions,
(

degrees of freedom in 2 x5N.tables, and/combining 2 x 2 tables. The
21/

..
.

'remainder of ,this paper deals with further issues in the use of

chlSquare .

Partitioning I

A
. 0 4% .

- At about the same time:th ?t Lewis and
Bu4 (.

rke were writing, the

./
. ,first'extensive work on the partitioning of an I x Arcontingeniy

. c.s. .

,

-.table into components was beidg Conducted by Lancaster (100,

1956). He demonstrated, that a general'4mof a multinomial.dan be
4

41,
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1
redu4ed to a series of billomialodtrms, each with,one degree of

freedom. Irwin (1949) presented a formula for exact partitioning

which was simplified algebraically by Kimbal (1954) for easier com-
.

nutation. In 1960, Kastenbaum.generalized the partitioninc.pro-
..

*jure to handle cases Where some of the desired partitions con-
_

tined more than one degree of freedom.' Castellan (1965) reviewed

''these partitioning procedures and agreed for their. use in place Of

P.
;

.-Iconstructing a series of 2 x 2tables basdd on,the following two

points.

.

First; in setting up thp full contingency table, it is assumed.

that,the4 marginal totals represent the population valuei. It is
t

more ikely, that the marginals for any 2 x 2 table, taken from the

;-

full table, will. -not adequately ,reflect those population values.

.'
1

.. ;
Instead, they will reflect a.population different from other popu-

.- i I,
.

...wt. . - .

lations generated from the table, There will be as many popb-
g

Y.....----

. lations represented= as there:ar .2.x 2 tables produced,

.

o

alloWing the pr90 dare Castellan presented, the 2 x 2

'tables are additiVe. The sum 01:their fndividual.chi-square values
, ,

;.

equals the chi-square value for the original table. -This indepen-.
.

deuce of tables produces uncorrelated.chi-squares arid thus allows
0

'for more meaningful interpretatt n.

Bresnahan and Shapiro (1966) examined methods for partition-

ing, includi4 the methods, fOr determining possible partAtio6..

They concluded that all- forms or a-partitioning follow thee basic
.

rules: 1) each 011 appears alone once and Only once, 23,014 same,

combination,of cells appear only 'qce, and 3) the dividing'Pnes of
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;

a partition do not hold for other partitions. Following thisd

rules, additiahal partitioning schemes may be employed.. 'They

derive a general equation for the chi-square which .may be applied

to any table that may ,result from partitioning. The equation for

an x i tfable.is written as

2" 4!
1)(st t J., ) 1

...

,...
wheri,.

e : Me n ber of cows in the portitionel .40.0c

. .
tri a Me 11. wriler. o .catatmnf in -fie .. pa_rtiiont t +whie.

cea s.- ote fxpeciat voke 6x. ce /I tv ciitattfet from. iihte 1(4
ei '4" Z..1 igi V.:"i.i *.

Orko;n:,
r.,./

* .. ...e . e..,., ,,
Kt

-oi.:1% ;E:5.,. r4; ,
- ,

1-1
..

0" E tjta , 2 57:
,

0 (s)

it.

f

rlw 2. the 06CdrUedL Fre/Cite/ICJ '- to cell ij

Br*snahai) and Shapiro- advocated the use of ;this formula

cases where some cells have low expected values.
O.

Iastead of pot:44

Inc data or diacardin-reize the 16-1.4. expectid 'values, one ck
-

.
1

Calculate a' chi-square based on the table configtiration "with ,ad4-
. _

4

goat4 expected values. This value will be the zontribution of that
. .

part of the table to the chi-,square for the. entire *tat:I:le .

r.

ci

4L.

- ,

,
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. 4

Schaffer !(.1973) has taken exception to .the use' of7..hese

methOds. of partitioning,, claiming
A

that they do not actually test

the guestioils of interest. For example, a '2Icii table may be par'
titioned. into :threes.separafe test's, each with one degree of , free
ddm.

.
chaffer then demonstrated that to test the first of the

three resulting hypotheses, actually, entails testing that all three

partitions do not contain significant differersces against. the
.

alternate hypothesis = that the firit partitiOn is signif=icant and

that the ;Aker two are hot. This d'results from the fact ttili the

'from the entire table enter the calculation for portion of
.

data

the tabletn the determination
.

of the expected ,She there...
.

the,;(ata -frOm. the entire.fore contends, contrary to Castellon;
a , .

table should not_efiter into a- pirtition
,

not the statistic desirdcf. . *.

. .
since the test -proddced is

. .
On the; bails gf thi-&-argument -Schaffer .proposes the

.
Use'of the

J `likelihood ratio statistic. Though it' does not partition exaptly,
.

its use overcomes the problem of testing "inappropriate"
. .

hypottieses, Schaffer notes that' while there is,,no evidence for the-
. '. r

superiority of one method- over another; "Pgarson's method Kai his-
.1-.,

twice' priority and t greater ease.of coMputation.

.1...

1^,...

legardless of which .method bne uses, partitioning incre-elpi'
1

the amount of information one t able, to 'glean from the "data, :ff

the partitions are orthogonal to one another, the infOrma.tion ren

dered from each partition .does not overlap'with any other..

ever; Schaffer's,Paper presents in _interesting qt,)andary.
.14

, .

If one requires, a test 'of a partition, independent. of the
, :

1

4,

I

.1

II

/

hi



*
..

3 /N.

I
.

'23

. ;

. -

structure of the r'st.Of the partitions, then onemust use the '
. / .

.

Loglikelihood ratio as she proposed.' The, lack' of -additivity of

,the. 14elihoo-d nal° ,may not always tie problematic. Often-, only.

one partition is meaningful and /of ancountior much of the total
X2

:In such cases, the cholsg.betweenthe 'use of the loglikelihood

statistic and chiWare rests, on the alternate hypothesis that is
. .

1

of iriterest If one wishes to test a single partition' for homo
.

geneity akainsiothe hypothesis that.it,is not hOmogeneous and the

A.
'

, ,
,

.
resy.of the, partitions are. then chfsquarq is approprikte., If the

./ . i .

.
telt isto be'done completely independent of the strUctU6,4 the,/

. -

.,' . . .

.

'rest of the table then the loglikelihood ratio is the method of .

. . .
1

i

choice, 'The loglikelihood ratio has be proposed for uiein More
... ,

. -, % ..

.tban the analysis of'"partitions as will be discussed id tfie next.

. 4 .
.

.

k
e

I
1.

section.

,
.

Log Likelihood Ratio

,

An alternatie procedure to calculating X'2 to' test a.

. I

hypothesis concerning a multinomial isthe use of the likelihood

Yitio.statistic. It 'is a 'maximum likelihood estimate labeled G2

A*

and .defined as,W

G hie (6)

In their teitort discrete iultivariani analysis, Bishop,,Fine
%

berg,' and Holland, (1975) useCloglinear models, as opposed to

additive, models for contrhgency tabli adalysis. its a summary

statistic they stated a preference for Maximum Likelihood:

,
- .t.ok)

4
9,
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s.

Estimators (MLES) on theoretics -grounds. Additionally,

-reasons for the use of'this.pro edure were given:

1. Ease of computation.f r linear models.
NIS

2. MLEs satisfy certain

time. .

"The method of ma

e'
directly to 'mulj.i

#

cell Jelues of ter

- , -

zero estimates f

. property in -small

JJ

4

practical

-

4

I

arginal constraints they ca11-intui
,

w I

ti

imum:.likeliheod cab' be :Taied
.

omial data with several Oseryed

and.almoit always produCes non

succallejan extremely.valuable

samples}" (P. 58)..:

Obey furthef state,
-

I

r
'

A
J .

/ a a ,

"MLEs necesgprily give minimum
..

,valugg.14 G2 ',,- it fs
.

.

c
appropriate to use G2 'as a 4sulimaey 'statiitic ..although

lthe readerwil4 observe,Ahat, -in .those samples. where we

compntr,both X2land 1G2., the
r.

value of thg:twojis seldom large

cal impertance"l(p
/

,

I ,

There are cases where the likelihood ratio' statistic may be`

4

iifference in Numerical.

_enough
e

enough to,be of practi
.

.preferred over chisquars. Such may occur. when soue'expected

4 ,

values are quite- smalls.pr where the contingency table contains a
. .

4. structural zero. 'This occurs when a design contains a
.

ce/1 which,

6

can never logically, h,p'filled. Bishop. Fineberg, and Holland offer

the efample of aeclassification of type of 'surgery by sex, The

4

.

3

cell defined by milehydter#ctomy would never contain an entry..

4.

Several investigators-have ebinpli"ed X 2and G2-tay4 ,variety of

research situations. Chapman (1976) provides an -overview of much
W

.ASZlef

1
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01 of this research, including the work lbf Veyman'aqg Pearsdn'11931),

Cochran (1936), Fisher (1950), Good!., Iriover; and Mitcleri £1970),:

and Weft and Kempthorne (1972): From these "comparisons, neither o f."m
.-$,

the two-procedures emerges' a clear favorite. n one method is
=

4

*better in some respect than the other, it seeks to result from a

4

4articmlar configuration of sample size, number of Rategories,
. ..

expected values, and the alterniti4e -hypothesis.. If a .general
. .4

statement were to be made, it:would appear that the Log-likelihood

ratio statistic tends to prdduce: VOser appi-oximation to the X2

distribution in many cases. But this statement must be regarded

4r .

with two considerations in mind.

As most studies on this matter are confined to examining a few ,

of the many possible crqss.4classificatikon designs where these two

statistics might be used, such astaiement must be deemed tenta-

tive. In some situations neither measure is preferred` over the

IP
other. In other cases a slight modification in design or sample

.
1$ . size may equalizs.the performance of both statistics, As ayeSult

it is'very difficultosynthesize thiscollectios of worlin'order

. -. to reach a definitive recommendation valid for all research, or
. ,

eOen b majority.-
S

40.
1..

..

Also, the actual diffAerencesobserved may be so..small that

they are inconsequential to the researcher. 'As 4<he debate over
.

1
the matter of expected values, before agebision cane bb made 'one,

. ,

. 0
must place the question within then contest of actual. practice. The

. '

more one's research demands precision, the more closely one should

i .

...

.

% wader any di'f'ferences in the statistics one may employ,
4. . ,.

. t
4.

...
CV?.



a

if

7

. y
sA

Further* one should look closest at the, research using conditions

26-
'

.4 6

4;tplost, similar to one's own design,

,

Correction for Contingity

In a single paragraph, Lewis and Burketpresent,the correction

for continuity noting that it is justifiedonly in the case of a 2
4"

f- x.2 table. Their treatment of the subjeet has the air of a prOven

method which is,utilized without 'question. But questions have

arisen since.Lewis and Burke regarding the appropriateness of its

use. .

Since categoriesl variables are discrete and the 'chi- square

,

J distribution is continuous, a compensation can be made by adding

A

or subtracting 1/2 to each .obsetved frequency, so, 83 4to move the

observj value closer to the expeeted value. Thus it becomes more
,

difficult to reject the hypothesis under test. Symbolicalily,4the

Corrected chi-squareis written as,

_ 7 Rxis ++) E0(6).1 . (7).

01 f.7, Pxt.$)

In the case bf the 2x 2 table where.

if

the correction proposed by Yates (100. is calculated as

t
R

(x x3.2 x.,)t
xi: X./ xa

, .

'4

oxiixtts-xmxtri_e
XI.Xel Xt X Z.,

e.

(e)

4
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the correction expressed-in (9) is

./

The analytical derivatiOil

given by Cox (197

The disagre t over the use of this correction is based not

on its theoretiCal grounding but on its applicability. PlaCkeLt

(1964), confirming empirigal results of:PearsOn 1(1947)4 argued that
'

itie correction js inappropriate if thee data come'from independent

4
binomial samples. ...drizzle, (1967) extended kackett's results to

the general case concluding that the correction is so conservative

it is rendered useless for practical purposes:

. Supporting. the use or the corection Mantel and "Greenhouse
r

(968) have take!) exception to the views of Plackett 'and others.

They base their objection on two points. First, they state that
(

the propermodet for a 2 x 2 talp is a flied marginal total model.

In sdch a model the correstiorvis not overly oonservative.. Second,
N. 0

w

the correction improves the probibiltty estimates except in extreme

casts. Such cases occur when the hypergeometric (or binomiai/dis-
. 1

tribution deviates from symmetry beyotd some fairli,extrimeo.level.

-

Pirld and Hamden (1972) attempted to siredle t4.'controversy

by deriving corrections for continuity for unconditional, thatis

. random marginal, models.,- For the.? x 2 test of,indepindeWce they

arrive at a correction of 1/2 instead 041/2. written-a;

C

-Oxit xit..xat

Xi. X., )(2,. )(.2.
Cr

The probability levels resulting frog the use of this correction
<

fall between those produced by the uncorrecii tatistic (8) and,
. 4.

low
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the corrected 49).
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1This issue Wei 'next -addressed by Conover (1974a) and several

thortcomMeniithat immediatel;, followed his article. Elaborating

- on a stance.he-had taken in 1971, Conover proposed that the correc7

tion for continuitsy should only be used in 2x 2 tables the row

and colpmn totals are 'non-random and either one or the other pair

of the roir*or col* totals are equivalent to each other.' If this

.

is not the' case, C6nover maintains that the.correction is 'overly

conservative. In his response; Mantel (1974) agreed that a fixed-,

`marginal 'model is%mpeapriate and prOposed a separate correction

for each tail of .the distribution. Conover 09740 concurred with

,

this meth6d and recommended., it be used in place of the Yates

correction when an table totals are non-random.

In the subsequent, papers Mittinen (1974) agreed with Conover
%

s

position. ;tamer, Grizzle, and Sen (1974) presented simulation

- results which. su rt the Contentioe. that when the column total's

- are non-random, n uncorrected chisquai-e is to be preferred over

the more conservative corrected procedure.

. .

.1

More receniiy, Everitt (1977) recommended the use of the

correction but offered no suppor.for hfs decision. Gpmilli and

Hopkins (1178)% ona,thls other hand, tiave presented results froi a
. .

.

Monte Carlo let4dy confirming. the tance 'taken by Conover, et el.

.
. . ' /

Their results demonstrated that -Yates correction decreases the
. . -

accuracy of probability staeement.when either:, or both of ,the

m'rgins are not ttxed.

.

- 4

3

as,
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i
The consensus seems to be that the correction for _continuity

becomes overly conservative when either or both of the marginals in

a table are random.dis this is often the case in social science

research, it'would aipee-that the use of the correction should not
3

be given the blanket recommendation- that often accompanies it. If
O

.

4'

strong conservatism isdesired and/or the marginal totals in the

contingency table being enalxzed are fixed values, then thd Yates
4.

correctipn should be lipplie'd However, in all other cases one must-

e

be cauti ous in its use as the correction for continuity will pro-

duce very conservatkve,probability esti6ates. Whet) a correction is

desired and -the table being analyzed does not have fixed marginal

values, the work of Pirie and Hamden should be considered.care..

Comparison ot;Two Independent Chi-Squares

A .1

Situationsmay occur in which one may want to test the equal-

ity of two independent chi-square 'values. Knepp and Entwisle

(1969),ave presented, ip tabular form, the one and five percent

critical values fo!, this comparison for It = 1 to 100. They also
A.

mention a normal aPProximatiOn calculated as

I/4 x:

4

were XI Y2 are two independent sample chi-square values, eaci

,with i degrees dt freedom The _It.atistic z is approximately
A .

dis-

tributed unit normal variable.

. '
. , -*

D'Agostino and Rdsman (1971) have/ offered. another simple
. .

31
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.

normal approximation for comparipr two chisquare values in 'the
.

form of t

z = Oa)

This approximation was tested by Monte Carlo methods and 'found to

be quite good for-cases with > 2. For = 1 the researcher must-
.

use Knepp and intwistles tabled values of 2.'19'for a = .05 and 3.66

for a= .01. D'Agostino and Rosman also note that for J > 20 the

denominator in (11) makes little difference and

may be used in place of (.11).

Comparison of Individual Preportions

Z I
o3)

The chisquare procedure, as Berkson noted in 1938, is an

'omnibus test. In the case of a test for homogeneity among le-groups
. ,

classified by levels of the dependent variable A, the °hypothesis
.

oe
Under test is that r

5CAL GI) P(A! I 62.5 '.KA, I Gi KAI)

H, r P.(At I GO = 0 (Az I Gr.) P{ Az I GO -= P(A')

P 4; 00 P. (ATI Gt) (>1( Arl GO POI)
against the alternative that H is false. If the hypothesis is

rejected, one would like to beable to find the contrasts mong the
I

proportions that are significantly. different from zero.
,

This may be accomplished by .a_ well known procedure, which

. 32
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allows one to construct simultaneous aOnfidenCe intervals for all

contrasts of the proportions in the design, across groups, while

maintaining the specified Type I error probability.. The method is

an extension of Sobeffes (1959) theorem which is used for the con-

stcuction of contrasts in theranalysis of variance.

If a linear contrast in the population proportions in a con-

...

tingency.table is denoted as tli, the sample estimate is IP and is
%

4

defined as

4

where ook is the proportion in group k and Eak = 0. Th;e limiting

probability is ( 1 -a ); that, for all contrasts.

A

/TV- S G y XI

`where

SEw ti2
Q.,

1/1 lk SE1. XKI-1:tAK

hk v'21< 1- fit

(4--)

and
4

the (1-a
h

percent value fromfbbe chi-square
k-1.1-a

distribution at K 1 degrees of fredom.. Some of the earlier work

with this procedure may be found in Cart (1962), Gold (1963), and

Goodman,(1964).

The only drawback to this post hoc procedure is its lack of

pgwer relative to a planned W. of contfasts., In place of the use

t../ 3
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of X2 followed by post hoc exploration using the confidence intern

. val'defined above. one may employ a series of planned, contrasts. A

more powerful procedure result from the use of a Bonfeeroni type

/
critical value where the Type I error probability 1's- spread' over

just the contrasts of interest. ,Such'a value may' be found 16 the

table given, by Dunn (1961).. 'The value' F2---x: in the confidence

.

interval is replaced by the value taken froi Dunn4,8 table at Q= the

number of alanned'contrasts and bop.

Analysis of Ordered Categories

In spite of its usefullness, there areeconditions tinder which

- * .

the use of Pearson chi-square, although appropriate-- , is not the
, . r---"

optimum procedure. Such a situation. occurs when the categories

forming a table have a natural ordering; The.ealue of the statis-

tie expressed in (4) Will not be altered if the rows and/or columns

in- a table are permuted. however, if ordering of the.rows or

columns exists, their order cannot Aeaningfully be changed. This

is informatfon which chi-square' is, not sensitive to.. Instead, the

researcher may choose among three alternatives.

If both rows and columns contain a natural ordering, two

methods are available. The first is a procedure taken from Maxwell
.

.
'

.
. ;. .

(1961) as modified by 'Marascuilo and McSweeny (1977). It is used

to test for a linear trend in the responses across categories.

The first step is to quantify the categories using aWarbri-

1

Crary numbering system. As the method is independent of the

numbers chosen, both Maxwell and Marascuilo and McSweeny recommend

41
L.k
4 ,
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number( .which simplfy the'paculations such as the linear
.

coeffi-,

ciepts in a table of orthogonal polynomials. These coefficients
d

are then'appljed to the marginal frequencies' to produce the ,sums

and' sums of squares for use in calculating a slope coefficient by
I.

the usual formula,

(z Jz.). 01),

1").4 .

Under the assumption that Og

lated as

standard error of is calcu-

'Of)
P (A/-1) S,

Then the hypothesis of no linear trerrd may be tested by

A decomposition of the total Chi-square for the contingency table

is obtained by taking X2 (total) (due to linearity)s X2(resi-
-

dual). Thip mty often be a more meaningul'analysis.

A second pro6edure involves the use of Kendall's (1970) rank

air, corrected for ties. If the observed tau is statistically,sig-

%
nificant, the'hypothesis of no association rejected. In aiJdi-

tion, the statistic itself is a measure of association or array bf

the data. nirther comments ar contained in the section 'ofdmess-
.

ofnassociation. en one of the two variables defining p

table are ordered, usual and Wallis' (1952) non-parametric one-
.

0rw0

a

e
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. .

way analysis -ofvariance procedure may be utilized to test for
.

equality of distribuions:

Consider the casvot an x K contingency table where the

dimension 1 is defined by mutually exclusiv,4, ordered categories.

The gruskal- Wallis statistic is based on a simuit'imeous comparison

of the, sum-of th e ranks for the K groups. To.apply the statisitc

in the case of. an I x K table the frequencies within a category

along dimension I are Considered to be tied an therefore are a3

assigned a midrank value.' Qne thgn sums,the'ranks aoorss I, withipw

group k, to obtain the Summed ranks used in calculatingthe statis-

tic.

$easures or Association

As a final, and important note, a few words must be said about

measures of association. It needs to be remembered that the value

of a chisquare statistic is a function of
4

sample size. To doUble.

the sizeof a sample, barring sample-to-sample fluctuations, will.

double the size of the associated chi-square. To compensate for

this, the data analyst should always calculate an appropriate meas-

ure of association. To report probabi;ity levels alone is

equivalent to reporting the .sample size as an indication of the

results. A proper measure of association should be included so as

to allow for judgingthe practical, that is the meaningful signifi-

cance of the findings. While a proper treatment of this topic

.deserves a paper unto itself, because of the importance of this

Subject, an outline of the 'main measures will be included here.

3 6.
,

s
3
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We begin with theigeneralcase of an I.x J contingency table.

/
f the data: are generated from a single sampl,e,.then the proper

tjst isone:of independence and a measure of association is the

mean square contingency coefficient. Designated- as ,04, its sample

estimate is calculated as

4
As tf., maximum value IS

:

may obtain, ar,;,0 , is the minimum of I-1 or

j -1, a correction for this is

Xi
1-.

t.

All
L

f25", (AO

and is.referred to as Chmer's measure of association (Cramer,

1946).
,

In the cae of a table generated from K-samples, th'e proper

measure of association is given by the work of Light snd'Margolin

(1971). It is a ratio of the sum of squares between the K groups

over the'total sum of squares.' Their measure,R2114, le tested for

significance by a,chi-square statistic calculated'aS X.f.m.n(N-1).(I-

1)R2Lm which is tested at.'4g(I-1)(K-1).degrees of freedom. Light

and Margolin have, shown that their statistic tends to be lirger,

and therefore more powerful than the ordinary chi-square in the

analysis of a K-group design.

0

V

When the freqUencies o'f the k- groups are cross - classified by a

gependent variable which is ordeied, a more appropriate measure of
4
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association hps recently been proposed: As noted earlier, this
..

, .

.

'model ls'analysedby a nonparametric oneway ANOVA, Carr, Maras'
.

.build,
r )
and SeV.lin (Note 1) have proposed a measure which is *the

A'
ratio of the calculated test statistic to the Maximum the statistic,,

.

can reach., Their measure ranges from zer?o to unity and it is,

ihterpreted just.as eta.squared is in the parametric'ANOVA. .

If Loth variables are ordered, one is presented witha variety

choicgs beginning with the standard productmoment corjelation

coefficient. The use oa this method is discussed by Kendall and

Stuart (19t0 4nd basically involves the assignment of 4 set of

scores to each category. These preassigned scores may be just the

natural'numbers, 1, 2, 3, ..., normal scores, or a normalized score

using relative frequencies of the margins as cutting points for

assigning va ties frOm the normal distribution. The chief disadvan

:A)tap of thi method centers around-the fact that the scores are

assigned arbitarily and the measure calculated will vary with the

scoring system chosen.

. .

The most appealing.measure in this' case may well be Kendall

. ..

N measure of disarray, tau (Kendall, 1970). Its use in ordered con

tingency tables is illustrated by Kendall in his third chapter.

"Because those data in the same row or column of a table are con

sideredasneither concordant nor discordant in relation to each

other, but as tied, tau corrected' for ties, "Cc, must be used. A
.

competitor to tau has been proposed by Goodman and Kruskal in the

first of their three extensive papers on measures of association in

°robs classification (Goodman and Kruskal, 1954; 1959; 1963). The

*

I
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measure, y is the same as Kendall's tau in the numerator. The
11.

denominator is the same except in that it excludes tied valuts,

This means that in all cases tau < gamma. The use oftau is recom-

mended becasue the inclusion of Abe tied data is. a more conserva-

tive method and tau approaches the normal distribution faster than

Spearman's rank order coreelaiion (Kendall, 1970),

Ain the case 1. a 2 x 2 table, the well knoWn.measure of asso-

.

ciation basei on chi-square is phi and is calculated as

(za)

,

If Kendall's tau is calculated for the same table, then it will be

seen that phi = tau. An alternative to the dte of phi,is to employ

the odds ratio.

i,

For a'2,x 2 table the categories defining the table may be ( .

' /- - ,
f ibeaed as A, A, B, and B. The probability of observing.B, given ; s .

1 1

the pressence of A, can be expressed as

P (0i)
P 0314).

Alternately,.the probability of observing B, given the absence ,of).

A, is

(817)

ta
0

A.simple measure of association apparently tint proposed by Corn-

VJ
4

11
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field 41951), is%10wa ratiti of these two oddssr,In the. sample
,

measure%iscalculbte'd . I

Y
nn

-4..
t

.with a standard error estimated as
. . 4

. ,

4.. +
ntt

I

the

A Aiseful disousSfon of.this measure including 'additional
4.. .

.
.4,

. references may be fdund in Pleiss (4973). The_ choice between the

two. coefficients, tau and 01,. for the 2.x 2 table is not clear put
. i

. ,
. ., . .

.and the teadet.44'referred to Fleist for' further 'discussion..

MI6

t

Summary

t

%

At 80 years of age, Karl Pearson's chisquare statistic**.

remains one of the mpst.useful, versatile, and popular mea es.for

data analysis, Lewis and Burke are two among manyauthor whrigave

considei.ed its ,properties'- and applications and this 'paper has,

.
(

hopefully, served'as a general review of that literature, In.cl oz
,

ing, it is interesting t6 note a- couple of points regar4ingboth,

thelivisue and use of chisquare.

.
In spite of the age of the Lewis and Burke article it is

,

unfortunate to diScover that many of the errors outlined in their
.

work' can be found in ,research today. NiFfiais,hecaus?the measure

is, so well knownand so easily used, it is- also easily Misused. .

.

4n.
A.
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be taken to ensure that when one selects a method to

.

Care must

analyse a,set of dita, one e mploys t he method04 Used correctly.

ThA applies not onlyilo Pearso n's chisquire; but elm; to evert

Aft
method used for inferential purposes.

As ,a final, point, ittis important eto remember that, as noted

earlier, 'several aspects of the chisquare:procedures qre still

4*-
S1.11:0ACt't0 debate such as the minimum expected frequencies kick-6'

able and the.boest waxto partiiton-a contingency table. Very few

things. 4,h. life are itten ii granite and "right" way t6

analyse a given set cif dat is not one of those thihgs. The wisei:_

, reseal-Cher, will keep "a track of the ,elevant literature, seek

advise from collegaues, and 411.6fOrsak t automatic and mecheni-

-cal application of statistical methods

r

is ^

4

a,

4.4

ti

r.

a

.

4
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